Various authors have invoked discretized fractional Brownian (fBm) motion as a model for chain polymers with long range interaction of monomers along the chain. We show that for these, in contrast to the Brownian case, linear forces are acting between all pairs of constituents, attractive for small Hurst index H and mostly repulsive when H is larger than 1/2. In the second part of this paper we extend this study to periodic fBm and related models with a view to ring polymers with long range interactions.
Introduction
Fractional Brownian motion (fBm) has, among other applications, attracted some interest as a model for the conformation of chain polymers [1] [2][3] [5] , as a generalization of the classical Brownian models (see e.g. [9] , and references therein). Mathematically this enlarged class involves non-Martingale, non-Markovian processes, physically on the other hand it is of interest because of its more general scaling properties and the long range interactions it describes.
Fractional Brownian motion B H , conventionally starting at B H (0) = 0, gives rise to a discrete, mean zero Gaussian process via
H (k), k = 0, 1, 2, ....
We denote the increments as
Y k = X k+1 − X k , k = 0, 1, 2, ..., n − 1 with finite dimensional probability densities ρ n given by d n yρ n (y)e i(y,λ) = E e i(Y,λ) = exp − 1 2 (λ, Rλ) and the covariance matrix
Hence ρ n (y) = const. exp − 1 2 (y, Ay) with A = R −1 , which can be interpreted as a canonical density with regard to an energy given by (y, Ay) . The first part of this paper intends to elucidate the nature of the corresponding interaction between monomers. We show that these (and more general Gaussian) models can be interpreted as equilibrium models for particles with attractive and repulsive elastic forces acting between any two of them, i.e.
(y,
and we display the strength g kl of these forces for different Hurst indices H.
Periodic fBm cannot be constructed in a direct analogy to the Brownian case as in (9) because of the non-Markovian nature of fBm. As pointed out by Istas [6] , this problem can be solved by replacing the distance D in
by the geodesic distance d on the circle of length L :
however with the limitation that this leads to a positive semi-definite covariance function, and hence a Gaussian process. This is only the case if H ≤ 1/2. For this class of models we shall in particular compute the coupling constants g kl and the spectrum of the quadratic form
for different values of the Hurst parameter H. Finally we propose a class of periodic models which, contrary to the nonadmissible fBm with large Hurst index, admit long range repulsive forces between the constituents.
It is proper to note that as far as more realistic polymer models are concerned, these Gaussian models must be modified to suppress self-crossings, see e.g. [1] [3].
The Nature of the Interactions along the Chain
For applications in physics it would be desirable to rewrite the energy form E(y) = (y, Ay) as an expression in terms of the monomer position variables x k . Indeed one has
holds with
Proof. By direct verification.
Remark 2. As indicated above, expressions such as (y, Ay) occur in the probability densities of mean zero Gaussian processes. In physics they play the role of potential energies in canonical ensembles and the lemma shows that these energies can always be understood as the sum of harmonic oscillator potentials with strength g kl acting on the monomer pairs k, l, see e.g. [9] .
To understand the nature in particular of fBm models which were suggested for chain polymers it is interesting to compute those coupling constants. We show these for a chain of length n = 61; specifically we display the couplings of the center constituent to all the others. For small Hurst index (H < 1/2), as one might expect from the more compact nature of the corresponding fBm trajectories, all of the interactions are attractive.
The rise at both ends of the chain is a finite-length effect. Conversely, for H > 1/2, nearest neighbors are again attracted, but constituents further away on the chain are repelled.
Finally, for H 0.75964, a value obtained via a bisection method, the third-nearest neighbors are also attracted, in our example g 31,i > 0 for i = 31 ± 1 and for i = 31 ± 3
The Energy E as a Quadratic Form in x
At times it can be useful to have the energy one finds directly
Note that the matrix H has x = (1, ...., 1) as eigenvector with eigenvalue zero, in accordance with equation (2) . This corresponds to the "increment" vector y = (x k+1 − x k ) n−1 k=0 being zero. All the other eigenvalues of H are then those of the matrix A in (1).
Cyclic Conformations
In an equidistant periodic placement of n indices k = 0, ..., n − 1 on a circle, there are 
Periodic Fractional Brownian Motion
As pointed out by [6] , periodic fBm on a circle of length L is obtained by setting
which serves to define a periodic centered Gaussian process b H iff H ≤ 1/2. We put b H (0) = 0 without loss of generality, and the covariance is
As a discretized version we set L = n + 1
with increments
and a joint density
where the energy matrix
is obtained as the inverse of the correlation matrix
This covariance kernel is positive definite, if and only if the Hurst index H is smaller than 1/2; for H > 1/2 the matrices
will fail to be positive semi-definite.
The coupling constants g k for discrete periodic fBm of the Hurst index H = 0.3 is given in Figure 4 . 
General Cyclic Models
For the n Gaussian variables y k we define
starting from H(x) and the equation (1), assuming that the g ik depend only on the "geodesic" distance between the indices i and k i.e. We introduce the symmetric (n+1)×(n+1) matrix G = circ(0, g 1 , g 2 . . . , g 2 , g 1 ) g 1 g 2 ... ... ... g 3 g 2 g 1  g 1 0 g 1 ... ... . 
In view of (3) H then is of the form
where 1 is the (n + 1) × (n + 1) unit matrix, and g is the row sum of
The energy spectrum is that of the matrix
. . , −g n with the exception of the eigenvalue zero. By formula (11) in the Appendix, one has an explicit form for these energy eigenvalues as a function of the coupling constants:
Example 3. Particular models of interest might be ones with a scaling behavior
and (1) all couplings positive (generalizing H < 1/2), or (2) all couplings except the nearest neighbor one repulsive (as an alternative to a periodic fBm with H > 1/2):
Models of this latter nature are expected to produce stiff polymers.
Stiff Cyclic Polymers
Stiff chain polymers might be modelled by fBm with Hurst parameter H > 1/2. For such models we saw that the next-to-nearest neighbor coupling constants are negative, the nearest neighbor is attracted, such as e.g. in [8] . As Istas points out [6] , there is no cyclic version for fBm with H > 1/2. But other cyclic models with attractive-repulsive dynamics can be constructed, e.g. as follows.
Example 4. Taking
for which, using the formula (11) in the Appendix, we obtain the energy eigenvalues
Apart from the spurious eigenvalue λ 0 = 0, all eigenvalues are positive, i.e. this choice of coupling produces an admissible ring model if g 2 ≥ − 1 4 g 1 . The way to see this is to look at the function
between the endpoints x = 0 (and x = 1 symmetrically) where, for x 0, it is of the approximate form
Remark 5. Had we chosen g k instead of g 2 non-zero the corresponding restriction would be
meaning that longer range repulsion can only occur with ever smaller coupling strength (recall that a Hooke's law type force becomes stronger with increasing distance, hence could then more easily produce instability if negative).
To construct long range repulsive interactions one needs to ensure positivity (except for the spurious zero eigenvalue associated with the vector x with x k = c for all k).
Example 6. In Example 4 , setting g 1 > 0 and g k negative for k > 1 positivity holds for
For this estimate, one uses (7) for n/2 ≥ i > 0
as a lower bound for the first and an upper bound on the second term.
To ensure the estimate (8) e.g. for g k = −ck −γ and arbitrary n, it is thus sufficient to choose γ > 3,and c such that
where ζ is Riemann's zeta function.
A Remark on the Brownian Case
Contrary to the statement in [6] , the construction of periodic (f)Bm is via a semi -positive definite covariance matrix for the Brownian case H = 1/2.
Example 7. Consider a Brownian ring with n = 6 steps: X = (b(0), ..., b(6)).One computes
Supplementary Material on Circulant Matrices
Note that Istas' cyclic correlation matrix is circulant and symmetric, hence also its inverse. Circulant matrices are of the general form
Note that a real circulant matrix is symmetric iff
Normalized eigenvectors for any C are 
Conclusions and Outlook
Having clarified the dynamical nature of fBm models for chains and rings, one will next implement excluded volume effects. Where fBm rings fail to exist we indicate how the control of energy eigenvalues allows for the construction of alternate stiff ring models with a short or long range interaction along the chain.
